Correlation information in strongly correlated electron systems can be obtained using an extended Drude model. An interesting method related to the extended Drude model analysis of superconducting optical data was proposed recently, and it has attracted attention from researchers.
I. INTRODUCTION
Charge carriers in strongly correlated electron systems can be described by an extended Drude model, which is a single-band model approach. In this model, a new physical quantity appears, the memory function 1 or the optical self-energy 2 ; this new quantity is a measure of the strength of correlation and is closely related to the well-known quasiparticle selfenergy 3, 4 . Furthermore, because optical processes (or transitions) occur between filled and empty states, i.e., two states (or two particles) are involved in the process; therefore, the optical self-energy is also called a two-particle self-energy, which is mathematically more complicated than its quasiparticle counterpart. In a strongly correlated regime, i.e., in an extreme case, the single band splits into two distinct bands (upper and lower Hubbard bands) 5 . However, in an intermediately correlated regime, the single band is decomposed into coherent and incoherent components. The extended Drude formalism can be applied to various strongly correlated electron systems in the intermediate regime for both the normal and superconducting states. Thus far, many important and intriguing results 2,6-16 have been obtained from the measured optical spectra of various correlated electron systems using the extended Drude model approach.
One can extract the electron-boson spectral density function (or Eliashberg function) from a measured reflectance spectrum using a well-known process [17] [18] [19] [20] [21] , called a normal process, consisting of several analysis steps: the KramersKronig relation, extended Drude model, generalized Allen's integral equations, and numerical processes to solve the Allen's integral equations 22, 23 . One should be able to calculate a reflectance spectrum and other optical response functions from a known electron-boson spectral density function using a reverse process 23 , which consists of the same analysis steps in reverse order of the normal process.
The reverse process 23 can be used for various purposes, such as to study how some characteristic features in the electron-boson density function appear in other optical response functions including a reflectance spectrum, and to extract the governing electron-boson spectral density function 16 of multiband correlated electron systems (e.g., iron pnictides) by simulating the measured optical data.
In this study, we address a recently proposed method by Dordevic et al. 24 to the intrinsic properties of quasiparticles (or residual unpaired electrons) in the superconducting state. In addition, they introduced a new self-energy for the quasiparticles in the superconducting state, which we name the residual optical self-energy in this paper.
It is noteworthy that the residual optical self-energy is a partial optical self-energy in the extended Drude formalism. We investigated this method in detail with a correlated electron formalism using the inverse process with well-known typical electron-boson spectral density functions 23 in the d-wave superconducting material phase. These typical electronboson spectral density functions are well established in terms of doping-and temperature-dependent evolutions 21, [25] [26] [27] . Furthermore, the generic phase diagram of hole-doped cuprates can be described well with these typical models 27 . From our calculation results, we conclude that the residual (or partial) optical self-energy suffers from serious problems, because it exhibits unphysical features. Meanwhile, the full SC optical self-energy is a reliable optical quantity as it does not exhibit these problems. In addition, we applied this method to the existing measured optical data of two differently doped (i.e., optimally doped and overdoped) Bi 2 Sr 2 CaCu 2 O 8+δ (Bi2212) cuprate systems in the superconducting phase. The resulting residual (or partial) self-energies of the measured Bi2212 spectra show the same serious problems as those in the theoretical calculations, implying that the proposed partial optical self-energy cannot be applied to measured optical data in the SC phase, even though the idea is intriguing.
II. REVERSE PROCESS FORMALISM
In this section, we briefly describe the reverse process 23 for the two (normal and dwave superconducting) material phases. Note that both the normal and superconducting phases are of correlated electron systems. The interaction between electrons can occur by exchanging force-mediating bosons, and it can be described with the electron-boson spectral density function, α 2 B(ω), where α and B(ω) are the coupling constant between an electron and the boson and the boson spectral density, respectively. With an input model α 2 B(ω)
one can obtain the imaginary part of the optical self-energy [
using the generalized Allen's formalism 28 as
where K(ω, Ω) and Γ op imp (ω) are the kernel of the generalized Allen's integral equation and the optical impurity scattering rate, respectively. For simplicity without losing the generality one may consider cases only at T = 0. In such cases, the kernels for normal and d-wave superconducting 22, 28 states can be written as
where Θ(x) is the Heaviside step function, E(x) is the complete elliptic integral of the second kind, and · · · θ represents the angular average over a range from 0 to π/4. ∆(θ)
[=∆ 0 cos(2θ)] is the d-wave superconducting (SC) gap, where ∆ 0 is the maximum SC gap.
The optical impurity scattering rate can be written as
where Γ imp is a constant impurity scattering rate. It should be noted that the impurity scattering rate in the SC state is strongly dependent on frequency near twice of the d-wave superconducting gap, 2∆(θ).
Once one has the imaginary part of the optical self-energy in a wide enough spectral range one can get the corresponding real part using a Kramers-Kronig relation as
where P presents the principle part of the improper integral. The mass enhancement function Fig. 5 of Ref. [27] ). This requirement is weaker than the square integrable one; in this case, the KK relations are known as KK relations with one subtraction 30 .
Finally, using the obtained complex optical self-energy one can calculate the optical
where Ω p is the plasma frequency, which is directly associated with the charge carrier density (n) in the mode of interest, i.e., Ω In the SC state the optical conductivity [σ
where Ω sp is the superfluid plasma frequency, which should be smaller than the plasma frequency (Ω p ), and δ(ω) is the Dirac delta function. σ (6) as
The equation above can be rewritten as
where H is the high-frequency background dielectric constant and SC 1 (ω) is the real part of the full SC dielectric function, which is related to the full SC optical conductivity as˜ 
It is worth to be noted that the superfluid plasma frequency (Ω sp ) can be independently obtained from a missing spectral weight of the full σ SC 1 (ω), which is the superfluid spectral weight located at ω = 0 and does not appear in a measured finite frequency region. The missing spectral weight can be obtained using the so-called Ferrell-Glover-Tinkham sum rule [32] [33] [34] . 
where In Fig. 1(c) and Fig. 1(d) we show corresponding real parts of the optical self-energy for (ω)]), can be written as
Here the residual (or partial) optical self-energy is described in terms of the residual (or partial) optical conductivity. In this section we will demonstrate that the real and imaginary (ω) of the MMP+GP model with Γ imp = 30.0 meV also show a quite strong peak below two times of the SC gap. These strong peaks seem to be unphysical since they cannot be simulated using the generalized Allen's formula in the normal phase (i.e, with a constant density of states) 45 ; to simulate such strong peaks, one must introduce very strong intensity modulations in the density of states 45 .
In Fig. 2(d) From our theoretical investigation, we found that the proposed method by Dordevic et al. contains two serious problems. One problem is associated with peaks in the imaginary part of the residual (or partial) optical self-energy; this method cannot be applied since the peaks cannot be simulated with a constant density of states (i.e., the normal phase) 45 . The other problem is that the real part of the residual optical self-energy and the corresponding effective mass function exhibit unphysical negative values in the low frequency region.
There has been a previously published literature 46 motivated by the attempt by Dordevic et al. 24 . In their paper Schachinger and Carbotte calculated four optical self-energies (the optical self-energy of Bogoliubov quasiparticles (BQPs), the residual optical self-energy, and the optical self-energies for both SC and normal states) of Pb using a formal approach, which is different from ours. The authors compared their four optical self-energies and found that the residual self-energy does not reflect purely the BQP self-energy since the imaginary part of the residual self-energy is strongly deviated from those of other three self-energies in high frequency region well above the SC gap (or 8 times of the SC gap) while the imaginary parts of other three self-energies merge in the high frequency. Furthermore, they focused on optical properties of BQPs. However, the authors did not mention the unphysical negative effective mass function which we described in our paper. residual mass enhancement function shows a similar negative region as shown in Fig. 3(f) .
The (experimental and theoretical) real parts of the residual self-energies and residual mass enhancement functions become negative in low-energy regions, which is unphysical since the negative values cannot be physically interpreted.
In Fig. 3 residual mass enhancement functions become also negative in a similar spectral region. As we mentioned previously, the negative values in the real part of the residual self-energies and residual mass enhancement functions cannot be physically interpreted.
Our comparison indicates that when we applied the proposed method to experimentally measured spectra, the resulting residual (or partial) optical self-energy shows the same problematic (or unphysical) features evident in the theoretically calculated residual optical self-energy. The problematic features were the peaks in the imaginary part of the residual self-energy, and the negative values of the real part of the residual optical self-energy in the low frequency region. In contrast, the full SC self-energy defined by the extended Drude model does not exhibit these problematic features; this full SC optical self-energy can be a reliable optical quantity. 
VI. CONCLUSIONS
Using a reverse process 23 we investigated a new proposed method 24 , that was suggested to study the residual unpaired electrons of cuprates in the superconducting phase. concluded that the proposed method could be used for analyzing the measured optical data of Bi2212 cuprate systems in the SC phase; the residual (or partial) optical self-energy was not a reliable optical quantity because it contained unphysical features. Instead, the full SC optical self-energy was a reliable optical quantity that did not contain unphysical features.
In our opinion, the full optical self-energy could not be decomposed even though the full optical conductivity could be decomposed because they were connected non-linearly by the extended Drude model. We hope that our study clarifies an unclear issue related to the extended Drude model analysis of the superconducting optical data of strongly correlated electron systems including cuprates and iron pnictides.
